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Simple estimation of thermodynamic properties of Yukawa systems
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A simple analytical approach to estimate thermodynamic properties of model Yukawa systems is
presented. The approach extends the traditional Debye-Hu¨ckel theory into the regime of moderate
coupling and is able to qualitatively reproduce thermodynamics of Yukawa systems up to the fluid-
solid phase transition. The simplistic equation of state (pressure equation) is derived and applied
to the hydrodynamic description of the longitudinal waves in Yukawa fluids. The relevance of this
study to the topic of complex (dusty) plasmas is discussed.
PACS numbers: 52.27.Lw; 52.25.Kn
I. INTRODUCTION
Yukawa systems are many-particle systems character-
ized by the pair interaction potential of the form
U(r) = ǫ(σ/r) exp(−r/σ), (1)
where ǫ and σ are the energy and length scales, and r
is the distance between two particles. This potential is
often used to describe interactions in systems of charged
particles immersed in a neutralizing medium. Two well
known examples are colloidal dispersions and complex
(dusty) plasmas [1, 2]. A remarkable property, explain-
ing the significance of Yukawa systems in soft condensed
matter research, is that by varying σ it is possible to ex-
plore the extremely broad range of interaction steepness:
From extremely soft Coulomb interactions (σ → ∞) to
very hard, almost hard sphere interactions (σ → 0).
Various aspects of Yukawa systems have been the
subject of study in the last several decades. This in-
cludes fluid-solid and solid-solid phase transitions and the
emerging phase diagram, equilibrium transport proper-
ties, wave modes, confined systems and finite clusters,
mixtures, various non-equilibrium phase transitions, etc.
The attention has been focused on both two and three
dimensional systems. It would be almost impossible to
give credits to all related original works here, the reader
is referred to books [1, 2] and some review papers [3–7]
instead.
Thermodynamic properties of Yukawa systems have
also been extensively investigated. Molecular dynam-
ics simulations [8–11] as well as integral equation theory
(in the hypernetted chain approximation) [12] have been
used to calculate accurately the system energy. Since dif-
ferentiations and integrations are required to obtain other
thermodynamic quantities, their accurate determination
remains a demanding computational task. Rather high
accuracy is required in some cases. For instance, when
locating fluid-solid and solid-solid phase transitions the
free energies of respective phases have to be known with
extreme accuracy since the smallest change in the free en-
ergy of either phase can result in a significant deviation
from the actual coexistence line [11, 13]. In some other
cases no such accuracy is required and it would be valu-
able to have simple analytical expressions instead, which
allow to estimate main thermodynamic properties of the
system.
The purpose of this paper is to discuss such an
approach for estimating thermodynamic properties of
Yukawa systems. Although not extremely accurate, it is
very simple and allows to catch the essential qualitative
properties of these systems.
In the following we consider an idealized model con-
sisting of point-like charged particles in the neutralizing
surrounding medium. The mobile medium is responsible
for screening so that the resulting pair interaction poten-
tial between the particles has the Yukawa form (1). The
main emphasize is on complex (dusty) plasmas and the
relevance of the present idealized model to these systems
will be discussed towards the end of the paper. In par-
ticular, we will point out that the model itself does not
account for some important properties of complex plas-
mas. This implies that approximate analytical schemes
which potentially can be extended to account for these
properties are not irrelevant, although highly accurate
data for an idealized model do exist.
The paper is organized as follows. In Section II we
specify the model. In Section III we briefly remind the
standard Debye-Hu¨ckel approximation for weakly cou-
pled Yukawa systems. The improvement of this model,
which is the main subject of this paper, is described in
Section IV. A limiting case of Yukawa systems – the one-
component plasma limit is briefly discussed in Section V.
We then proceed with the derivation of an approximate
equation of state for Yukawa systems in Section VI. Its
application to the analysis of waves in strongly coupled
(fluid) Yukawa systems is described in Section VII. Sec-
tion VIII presents discussion and conclusion.
II. MODEL
We consider the two-component system consisting of
microparticles of chargeQ and density n and neutralizing
medium, characterized by the charge −e and density nm
(subscript denotes “medium”). In equilibrium the system
2is quasineutral, so that
Qn0 − enm0 = 0, (2)
where the subscript 0 denotes unperturbed quantities. (If
the neutralizing medium is comprised of several species
and some of them are oppositely charged, this should be
taken into account: e.g., nm0 = ne0−ni0 for an electron-
ion medium). It is conventional to characterize such a
system by two dimensionless parameters:
Γ =
Q2
aT
and κ = akm, (3)
where a = (3/4πn0)
1/3 is the Wigner-Seitz radius, T
is the system temperature (in energy units), and km =√
4πe2n
(tot)
m0 /T is the inverse screening length (Debye ra-
dius) associated with the total density of the neutralizing
medium. In our case n
(tot)
m0 = nm0, for the electron-ion
medium n
(tot)
m0 = ni0 + ne0. In principle, the particle
species and surrounding medium can be characterized
by different temperatures, but this is not important for
the present consideration. The coupling parameter Γ is
roughly the ratio of the Coulomb interaction energy, eval-
uated at the mean interparticle separation, to the kinetic
energy. The screening parameter κ is the ratio of the
interparticle separation to the screening length.
Another inverse screening length-scale is associated
with the particle component, kp =
√
4πQ2n0/T . The
quantity kΣ =
√
k2m + k
2
p characterizes linear screening
when both the particle and surrounding medium are re-
sponsible for it. Note that kp =
√
3Γ/a and, there-
fore, the relation between kΣ and km takes the form
kΣ = km
√
1 + 3Γ/κ2.
The main quantities we will be dealing with in the fol-
lowing are the internal energy U , Helmholtz free energy
F , and pressure P , associated with the particle compo-
nent. In reduced units these are
u = U/NT, f = F/NT, p = PV/NT, (4)
where N is the number of particles in the volume V (so
that n0 = N/V ).
III. DEBYE-HU¨CKEL APPROXIMATION
The Debye-Hu¨ckel (DH) approximation corresponds to
the limit of extremely weak coupling, Γ ≪ 1. The elec-
tric field around a (test) particle is screened due to re-
arrangement of neutralizing medium and the particles
themselves. Linearizing Boltzmann distributions for the
both components and substituting this into the Poisson
equation yields
φ(r) = (Q/r) exp(−kΣr) (5)
for the electrical potential distribution around the test
particle. The reduced excess energy is
uex =
1
2
Q
T
[
φ(r) − Q
r
]
r→0
= −1
2
Q2kΣ
T
. (6)
This can be easily rewritten in terms of κ and Γ as
uex(κ,Γ) = − 12Γκ
√
1 + 3Γ/κ2. (7)
In the limit Γ → 0 (where DH approximation is re-
liable) we have uex ≃ − 12Γκ. In the one-component-
plasma (OCP) limit, screening comes only from the par-
ticle component (κ → 0) and we recover the familiar
result uex ≃ −
√
3
2 Γ
3/2 [14].
Other thermodynamic functions are easily obtained
from the internal energy. For instance, the excess free
energy in the fluid phase can be obtained via the inte-
gration
fex =
∫ Γ
0
dΓ′uex(κ,Γ
′)/Γ′. (8)
In the DH approximation this integration is straightfor-
ward and yields
fex(κ,Γ) = −κ
3
9
[(
1 +
3Γ
κ2
)3/2
− 1
]
. (9)
The reduced pressure is
p = n
(
∂f
∂n
)
T
. (10)
It is more convenient to rewrite this derivative in terms of
κ and Γ. In doing so we fix the density of the surrounding
medium and observe that
∂Γ
∂n
=
1
3
Γ
n
and
∂κ
∂n
= −1
3
κ
n
, (11)
since Γ ∝ a−1 ∝ n1/3 and κ ∝ a ∝ n−1/3. The pressure
then becomes
p =
Γ
3
∂f
∂Γ
− κ
3
∂f
∂κ
. (12)
Note that this definition is different from that used in
Ref. [9], where the densities of neutralizing species (elec-
trons and ions) were taken in constant proportion to n
(which resulted in the scaling κ ∝ n1/6). In the next sec-
tion we will explain why the present choice seems more
appropriate.
Applied to the excess free energy of the DH model this
relation yields the excess pressure
pex = −1
2
Γκ
(
1 +
3Γ
κ2
)1/2
+
κ3
9
[(
1 +
3Γ
κ2
)3/2
− 1
]
.
(13)
3TABLE I: Reduced free energy in the weakly coupled regime,
at Γ = 1, for different values of κ. The second column cor-
responds to the “exact” values from MD simulations [9, 11],
the third column is computed using the Debye-Hu¨ckel (DH)
approximation (see Section III), and the last column is com-
puted using the Debye-Hu¨ckel plus hole (DHH) approach (see
Section IV).
κ MD DH DHH
0.0 -0.4368 -0.577 -0.460
0.2 -0.4495 -0.588 -0.471
0.4 -0.4809 -0.617 -0.502
0.6 -0.5284 -0.660 -0.548
0.8 -0.5866 -0.715 -0.606
1.0 -0.6541 -0.778 -0.673
1.2 -0.7304 -0.848 -0.747
1.4 -0.8103 -0.922 -0.826
2.0 -1.0710 -1.169 -1.084
2.6 -1.3504 -1.435 -1.360
3.0 -1.5424 -1.619 -1.549
3.6 -1.8326 -1.900 -1.838
4.0 -2.0274 -2.091 -2.033
4.6 -2.3223 -2.380 -2.326
5.0 -2.5200 -2.574 -2.523
In the OCP limit this reduces to the conventional expres-
sion pex = − 12√3Γ3/2 =
1
3uex.
The applicability of the DH approximation requires
coupling to be small. To get an idea about its accu-
racy, let us compare the values of fex(κ, 1) (i.e. at Γ = 1)
calculated with the help of equation (9) with the “ex-
act” numbers obtained from molecular dynamics (MD)
simulations in Refs. [9, 11]. This comparison is shown in
Table I. It is evident that even in the regime Γ <∼ 1, the
DH approximation is not characterized by high accuracy.
Other approaches are needed and in the next Section we
discuss one of the possible improvements.
IV. DEBYE-HU¨CKEL PLUS HOLE
APPROXIMATION
The Debye-Hu¨ckel plus hole (DHH) approximation al-
lows to reduce inaccuracy of the Debye-Hu¨ckel theory
with respect to evaluating thermodynamics properties of
moderately and strongly coupled OCP. The term “Debye-
Hu¨ckel plus hole” is conventionally associated with the
work by Nordholm [15], although similar arguments were
used earlier [16]. The main idea behind the DHH approx-
imation is that the exponential particle density must be
truncated close to a test particle so as not to become neg-
ative upon linearization. Below we apply it to the model
Yukawa system described in Section II.
The main equations of this approximation are as fol-
lows. The electrical potential around a test particle is
given by the Poisson equation
∆φ = −4π(Qn− enm). (14)
The neutralizing medium (each species when multi-
component) follows the Boltzmann distribution, which
can be linearized. Other particles are absent in the
sphere (hole) of radius h around a test one. Outside
the sphere, their density also follows the Boltzmann dis-
tribution which can be linearized. This can be written
as
n =
{
0, r ≤ h
n0(1 −Qφ/T ), r > h.
(15)
The quasineutrality condition (2) also holds.
For the potential inside the hole we then have ∆φin =
k2mφin + 4πenm0 yielding a general solution of the form
φin(r) = (A1/r) exp (−kmr) + (A2/r) exp (kmr) +A3,
(16)
where A3 = −4πenm0/k2m = −3Q/k2ma3. Outside the
sphere the potential satisfies ∆φout = k
2
Σφout, which gives
the following solution vanishing at r →∞:
φout(r) = (B/r) exp (−kΣr) . (17)
The two solutions, Eqs. (16) and (17), should be matched
at the hole boundary, which yields φin(h) = φout(h) and
φ′in(h) = φ
′
out(h). The two additional conditions are
φout(h) = T/Q (implying that the particle density van-
ishes at the hole boundary) and A1 +A2 = Q (implying
that φin tends to Q/r as r→ 0). This constitutes the full
set of equations necessary to determine the hole radius h
as a function of κ and Γ.
Introducing the reduced hole radius x = kmh we get after some algebra the following transcendent equation for
x(κ,Γ):
xκ2
[(
1 +
√
1 + 3Γ/κ2
)
ex +
(
1−
√
1 + 3Γ/κ2
)
e−x
]
+ 3Γ
[
(x− 1) ex + (x+ 1) e−x]− 2Γκ3 = 0. (18)
The reduced excess energy is uex =
1
2
Q
T [(A2 −A1)kb +A3] which yields
uex(κ,Γ) =
x
2
(
1−
√
1 + 3Γ/κ2
)
e−x +
3Γ
2κ2
(x+ 1) e−x − 3Γ
2κ2
− 1
2
Γκ. (19)
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FIG. 1: (color online) Reduced excess energy (in units of −Γ)
as a function of the reduced coupling parameter Γ/Γmelt in
the regime κ ≤ 1. Solid curves correspond to our calculation
using Eqs. (18) and (19), symbols are the results from MD
simulations [11]. Data for κ = 0.0, 0.6, and 1.0 are shown.
The dashed curve corresponds to the DH approximation in the
OCP (κ = 0) limit. The dotted curve is the fit by Eq. (22).
The first two terms on the right-hand side of Eq. (19) cor-
respond to the particle-particle correlations in the DHH
approximation, the third term represents the excess free
energy of the surrounding medium, and the last term is
the free energy of the sheath around each particle (see
also Eq. (10) of Ref. [11]). Equation (19) can be there-
fore rewritten as
uex = upp + um + ush.
Figure 1 shows the results of calculating the excess
energy from Eqs. (18), (19) and comparison with the nu-
merical results obtained in Ref. [11] in the regime κ ≤ 1.
Here the reduced excess energy −uex/Γ is plotted versus
the reduced coupling parameter Γ/Γmelt, where Γmelt is
the coupling parameter at which fluid-solid phase tran-
sition occurs. The values of Γmelt for a number of κ are
tabulated in Table X of Ref. [11]; various analytical fits
for the dependence Γmelt(κ) are also available [11, 17–
19]. Figure 1 demonstrates that the DHH approximation
is rather accurate up to Γ/Γmelt ∼ 10−2. In this regime
typical deviations of DHH from MD simulations do not
exceed few percent. For stronger coupling, DHH system-
atically overestimates the (negative) excess energy. As
fluid-solid phase transition is approached, the difference
between DHH and MD simulations amounts to ∼ 15% at
κ = 0.0, and reduces to ∼ 10% at κ = 1.0.
Figure 2 shows the comparison between excess ener-
gies calculated using DHH approximation and obtained
in MD simulations in the regime κ > 1. The qualitative
picture remains the same as in the previously considered
case. The DHH approximation provides good accuracy
up to Γ/Γmelt ∼ 10−2. Here the difference between DHH
and MD results does not normally exceed ∼ 1%. For
stronger coupling DHH is again systematically overesti-
mating uex. On approaching the fluid-solid transition the
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FIG. 2: (color online) Reduced excess energy (in units of
−Γκ/2) as a function of the reduced coupling parameter
Γ/Γmelt in the regime κ > 1. Curves correspond to our cal-
culation using Eqs. (18) and (19), symbols are the results
from MD simulations [11]. Data for κ = 2.0, 3.0, and 5.0 are
shown.
inaccuracy of DHH is ∼ 5% for κ = 2.0. As κ increases,
the contribution from the sheath ush becomes dominant.
In this regime uex ≃ ush ≃ − 12Γκ and DHH becomes vir-
tually more and more accurate. Already for κ = 5.0 one
can hardly observe any difference between DHH and MD
simulations in Fig. 2.
The excess free energy can be calculated from Eqs.
(19) and (8). To get an idea how DHH can improve the
conventional DH approximation in the weakly coupled
regime, the values of fex(κ, 1) have been calculated and
listed in Table I. Considerable improvement is evident.
DHH approach underestimates the free energies fex(κ, 1)
from numerical simulations by approximately 5% at κ =
0.0 and 0.1% at κ = 5.0.
Overall, we observe that DHH approximation reduces
to the DH theory in the limit of weak coupling (Γ≪ 1),
but remains relatively accurate up to Γ/Γmelt <∼ 10−2,
where DH theory is already grossly wrong. For even
stronger coupling the accuracy is merely qualitative.
This is not surprising, since the approach cannot catch
the essential structural properties of the fluid state and
thus cannot properly describe particle-particle correla-
tions. Consequently, the DHH approximation is com-
pletely useless when thermodynamic quantities have to
be known with sufficient accuracy (e.g. in the context of
fluid-solid phase transition). In such cases direct numer-
ical simulations are required [9, 11]. On the other hand,
the appealing simplicity of the DHH approximation sug-
gests to apply it when no such accuracy is necessary. One
particular example will be given in Section VII.
The energy associated with particle-particle correla-
tions can be also calculated via the energy equation [20]
upp =
2πn0
T
∫ ∞
0
r2V (r)g(r)dr, (20)
where g(r) is the radial distribution function and V (r) =
5(Q2/r) exp(−kmr) is the pair interaction energy. In the
limit of weak correlations the pair distribution function
tends to unity everywhere, g(r) = 1. In this case we
easily get upp = 3Γ/2κ
2 so that upp and um cancel each
other exactly. The only remaining contribution to the
excess free energy is due to sheaths fsh = ush = − 12Γκ.
This will not give any contribution to the pressure, as ev-
ident from Eq. (12) and thus pex = 0 if particle-particle
correlations are absent. This result, which has to be ex-
pected, critically depends on the model relation between
κ and n. In particular, non-zero excess pressure would
be obtained if the model of Ref. [9] was used.
The DHH approximation is equivalent to the following
form of g(r) [cf. Eq. (15)]
g(r) =
{
0, r ≤ h
1−Qφout(r)/T, r > h.
(21)
It is straightforward to verify that integration in Eq. (20)
then yields the first two terms (upp) in the right-hand side
of Eq. (19).
V. THE OCP LIMIT
The one-component-plasma is an idealized system of
point charges immersed in a neutralizing uniform back-
ground of opposite charges. It corresponds to the limit
κ = 0 of the model under consideration. Various as-
pects of the OCP systems have been extensively stud-
ied in the literature. Among them are thermodynamic
properties and, especially, the equation of state. For
the dependence of the excess energy on Γ in the fluid
phase it is conventional to use an expression of the form
uex(Γ) = aΓ+ bΓ
s + c+ dΓ−s, which was obtained using
the variational hard sphere approach (yielding the expo-
nent s = 1/4) [21]. Later, it has been observed that the
exponent s = 1/3 yields somewhat better agreement with
simulations [22]. The resulting fit for the excess energy
in the fluid phase as proposed in Ref. [10] is
uex(Γ) = −0.899Γ+0.565Γ1/3−0.207−0.031Γ−1/3. (22)
Figure 1 demonstrates that it can be safely used in the
regime Γ/Γmelt >∼ 5×10−3, i.e for Γ >∼ 1 (we remind that
Γmelt ≃ 170 in the OCP limit). On the other hand the
linear DH approaxch is accurate only up to Γ ≃ 0.01 [14]
and starts to overestimate significantly the actual energy
at Γ ≃ 0.1 (see Fig. 1).
Concerning the DHH approximation, the hole radius is
directly obtained from Eq. (18) expanding terms in series
around x = 0. This yields
kph =
[
1 + (3Γ)3/2
]1/3
− 1. (23)
The energy is then obtained from Eq. (19), where two
terms survive in the considered limit, uex = − 12kph −
1
4k
2
ph
2. Using Eq. (23) this becomes
uex = −1
4
{[
1 + (3Γ)3/2
]2/3
− 1
}
. (24)
Equations (23) and (24) coincide with those in Refs. [15,
16]. In the limit of very small Γ, Eq. (24) reduces to
the DH result, but it remains adequate at much higher
Γ than the DH approach do. Figure 1 demonstrates that
the DHH approximation provides reasonable agreement
up to Γ <∼ 1, where the fit (22) starts to work. In the
strongly coupled regime Γ≫ 1, the DHH approximation
yields the correct scaling uex ∝ Γ, but the coefficient of
proportionality is too low (0.750 instead of 0.899). Note
that in this strongly coupled regime the simplest ion-
sphere model, yielding uex = − 910Γ [23], reproduces the
leading term of the fit (22) with impressive accuracy.
To conclude this section we point out that the hole ra-
dius defined by Eq. (23) represents the distance of the
minimum separation between the OCP particles in the
DHH approximation. The particle-particle interaction
can thus be viewed as the strong short-range hard-sphere
repulsion at r ≤ h plus weak long-range Debye-Hu¨ckel re-
pulsion at r > h. It is reasonable to apply linear plasma
response formalism to describe momentum transfer in
distant collisions between OCP particles. In doing so
the inverse hole radius h−1 should be used as an esti-
mate of the maximum wave vector kmax entering into the
kinetic definition of the Coulomb logarithm. The result-
ing effective Coulomb logarithm reduces to the classical
expression in the regime of weak coupling, but remains
meaningful for strong coupling, too. It has been recently
shown that such an approach would describe reasonably
the relaxation rate and the self-diffusion coefficient of
OCP over the entire region of coupling, up to the fluid-
solid transition [24].
VI. TOWARDS AN EQUATION OF STATE
In this section we derive an equation for the excess
pressure of the particle component in the DHH approx-
imation. As has been discussed earlier, the excess free
energy of the sheath does not contribute to the excess
pressure. The excess pressure arising from the particle-
particle correlations can be conveniently evaluated from
the virial pressure equation [20]. Since the terms corre-
sponding to particle-particle correlations and neutraliz-
ing medium cancel each other exactly in the limit of no
correlations [g(r) = 1], the resulting expression for the
excess pressure becomes
pex = −2πn0
3T
∫ ∞
0
r3V ′(r) [g(r)− 1] dr. (25)
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FIG. 3: (color online) Reduced excess pressure, pex, as a func-
tion of the coupling parameter Γ in the DHH approximation.
Data for various κ are shown. pex increases with κ.
Combining with the expression (21) for g(r) in the DHH
approximation we get after some algebra
pex =
1
2
Γ
κ2
[−3 + e−x (3 + 3x+ x2)−
− e
−x
1 +
√
1 + 3Γ/κ2
(
x+ x2 +
x
1 +
√
1 + 3Γ/κ2
)]
.
(26)
Figure 3 shows the calculated pex as a function of Γ for
several values of κ (same values as used in Figs. 1 and
2). Excess pressure is always negative and decreases as
the fluid-solid transition is approached. For κ <∼ 1 the
pressure curves are relatively close to each other, as has
been already pointed out in Ref. [9]. This suggests to
use a more accurate fit based on Eq. (22) in this regime
(not shown in the Figure). With further increase in κ,
the excess pressure tends to be less and less negative at a
given value of Γ. (Note however that comparison in terms
of Γ/Γmelt would apparently be more appropriate here).
Thus, the OCP fit (22) becomes completely irrelevant for
κ >∼ 1. We will discuss this issue further in the context
of the particle density waves in Yukawa systems (dusty
plasmas).
VII. DUST ACOUSTIC WAVES
The minimalistic model for the dust acoustic waves
(DAW) [25] in dusty plasmas yields the following disper-
sion relation
ω2
ω2p
=
q2
q2 + κ2
+
q2
3Γ
γµp, (27)
where ω is the wave frequency, ωp =
√
4πQ2n0/mp is
the frequency-scale associated with the particle compo-
nent (dust plasma frequency), q = ka is the reduced
wavenumber, γ = Cp/Cv is the adiabatic index, and
µp = (1/T )(∂P/∂n)T is the inverse reduced isothermal
compressibility [26]. The inverse compressibility µp is
related to the excess pressure via
µp = 1 + pex +
Γ
3
∂pex
∂Γ
− κ
3
∂pex
∂κ
, (28)
The dispersion relation (27) can be easily derived us-
ing the Boltzmann response of the neutralizing medium
along with the simplest hydrodynamic description of the
particle component. Substituting these into the Poisson
equation and linearizing will immediately yield Eq. (27).
In complex (dusty) plasmas the neutralizing medium nor-
mally consists of positively charged ions and negatively
charged electrons. Each component can be characterized
by its own temperature, but this is not essential for the
present consideration, since only the actual value of κ
is affected. Note that in the limit κ = 0 Eq. (27) coin-
cides with the phenomenological hydrodynamic disper-
sion relation of the OCP model (see e.g. Eq. (4.51)
from Ref. [23]; in this case, the leading terms yield
µp ≃ 1 + 49uex). Note also that in the original deriva-
tion of Ref. [25] the particle component pressure was ne-
glected at all, corresponding to γµp/Γ = 0 (i. e. the
assumption of cold particles was used).
Another dispersion relation suggested in the literature
for DAWs in the strongly coupled regime reads [26, 27]
ω2
ω2p
=
q2
q2 + κ2
+
q2
3Γ
(
3 + 415uex
)
, (29)
This type of dispersion relation originates from the sum-
rule analysis of the OCP in the long-wavelength limit
(e.g. Eq. (4.52) from Ref. [23]; see also Eq. (21) from
Ref. [28]).
In the context of complex plasmas, both dispersion
relations (27) and (29) neglect a number of properties
specific to these systems, including e.g. collisions be-
tween different components (of particular importance are
particle-neutral collisions), particle charge variations, ex-
ternal and internal forces acting on the particles (except
the electrical one), etc. They are however appropriate
for comparison with idealized computer experiments de-
signed to study the effect of strong coupling on wave
dispersion in Yukawa systems. We take the results of
Ref. [29], where wave dispersion relations in the fluid
phase of Yukawa systems were obtained using molecu-
lar dynamics simulations. Simulations were performed
for several state points characterized by certain values of
Γ and κ parameters. These state points are shown in
Fig. 4, representing the sketch of the phase diagram of
Yukawa systems. All the investigated state points corre-
spond to rather strong coupling – they are located just
below the melting curve.
Comparison between the numerical results and theory
is shown in Fig. 5. Symbols and vertical bars represent
simulation results for the longitudinal waves and their
uncertainties. The solid curves correspond to the dis-
persion relation (27) with the compressibility evaluated
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FIG. 4: (color online) Sketch of the phase diagram of Yukawa
systems in (κ, Γ) plane. The curve marks the fluid-solid phase
transition as obtained in Ref. [11]. The symbols correspond
to the phase states for which the numerical simulations of
density waves have been performed. The dispersion relations
for the longitudinal waves at these state points are shown in
Fig. 5.
using the DHH approximation (we also assume γ ≃ 1 for
such strong coupling). The dashed curves correspond to
the dispersion relation (29) with the excess energy eval-
uated from the OCP fit of Eq. (22).
Figure 5 demonstrates that the theoretical OCP dis-
persion relation (29) fits nicely the numerical data in the
regime κ <∼ 1. This is clearly the consequence of the fact
that the presence of weak screening does not lead to sig-
nificant deviations from the equation of state of the OCP,
as has been pointed out in Ref. [9]. However, as screening
becomes more pronounced (κ >∼ 1), the dispersion rela-
tion (29) becomes progressively less accurate. At κ = 3
it is completely off the simulation data. Note that this
defect cannot be cured by taking into account screening
and using more accurate results (either DHH or exact
numerical) for the excess energy uex. The actual excess
energy decreases (become more negative) with κ (see e.g.
Table III from Ref. [11]), which implies that the situation
would become even worse if exact values of uex are used
instead of the OCP results. On the other hand, Eq. (27)
is less accurate in the weakly screened regime (κ <∼ 1), in
particular in the short-wavelength domain, but demon-
strates reasonable agreement with the numerical results
at stronger screening. Taking into account that the ac-
curacy of the DHH approximation also increases in the
strongly screened regime we can conclude that the sim-
plest hydrodynamic description (27) combined with the
DHH approximation for the inverse compressibility pro-
vides a reasonable compromise between the accuracy and
simplicity/speed of calculations in the regime κ >∼ 1.
Another theoretical approach for the waves in strongly
coupled Yukawa fluids (dusty plasmas) is based on the
quasilocalized charge approximation [30, 31]. The the-
ory has been shown to agree very well with the numeri-
cal simulation data [31]. Since this approach also requires
evaluation of the system internal energy, simple approx-
imations similar to that considered in the present paper
can again be of certain value.
We conclude this section with the following general ob-
servation. The excess pressure is a negative decreasing
function of Γ. Thus, the pressure term results in negative
contribution to the dispersion relation, provided Γ ex-
ceeds some critical value. In the OCP limit this transition
is known as the onset of negative dispersion and recent
numerical simulations locate it at Γ∗ ≃ 10 [32]. [Equa-
tions (27) and (29) yield Γ∗ ≃ 5 and Γ∗ ≃ 14, respec-
tively]. This implies that in the strongly coupled regime
the group velocity becomes negative (∂ω/∂k < 0) at large
k as actually seen in all cases shown in Fig. 5. This fea-
ture is peculiar to the longitudinal modes in solids, which
indicates that there is no qualitative difference between
the dispersion properties of (strongly coupled) liquid and
crystalline Yukawa systems (dusty plasmas). In the long-
wavelength limit the longitudinal waves exhibit acoustic
behavior (ω ∝ k) and their phase velocity is somewhat
decreased due to the effect of strong coupling.
VIII. DISCUSSION AND CONCLUSION
We have discussed a simple analytical approach to esti-
mate the thermodynamic properties of idealized Yukawa
systems. The model considered consists of point-like
charges embedded in a neutralizing medium, which is re-
sponsible for the exponential screening and the Yukawa
pair interaction potential between the particles. Accu-
rate numerical results exist for this model and these were
used for comparison with our approximation. Although
the obtained analytical results do not yield very high ac-
curacy (in particular, in the regime of strong coupling
and weak screening), they provide convenient formulas
to describe the essential qualitative properties of Yukawa
systems.
We note, however, that the idealized model does not
account for some important properties of real systems.
Some of these properties, which are relevant to complex
plasmas are as follows: (i) Particles are not point-like, the
typical ratio of the particle size to the plasma screening
length can vary in a relatively wide range; (ii) There is a
wide region around the particle where the ion-particle
interaction is very strong, which results in non-linear
screening; (iii) Particle charge is not fixed, but depends
on complex plasmas parameters (e.g. on the particle den-
sity); (iv) The average density of ions and electrons is not
fixed, but is related to the particle density and charge via
the quasineutrality condition. Most of these properties
are also to a large extent relevant to colloidal dispersions.
Clearly these properties can considerably affect the
thermodynamics. From this perspective, accurate results
for an idealized model can be considered as reference data
for more advanced models. Extension of simple analyti-
cal approximations, similar to that discussed in this pa-
per, would be a reasonable strategy to study the relative
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FIG. 5: (color online) Dispersion of the longitudinal waves in Yukawa fluids near freezing. Symbols correspond to the results
from numerical experiment [29]. Solid lines are calculated using Eqs. (26) -(28). Dashed curves correspond to the dispersion
relation (29) with the OCP expression (22) for uex. The values of κ and Γ are given in the upper left corner of each figure. For
further details see the text.
importance of the above mentioned properties. We leave
this for future work.
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